We investigate the squeezed regions in the phase plane for non-dissipative dynamical systems controlled by SU (1, 1) Lie algebra. We analyze such study for the two SU (1, 1) generalized coherent states, namely, the Perelomov coherent state (PCS) and the Barut-Girardello Coherent state (BGCS).
like four-wave mixers [10, 11] are characterised by SU (1, 1) Lie algebra (for different schemes of generating the SU (1, 1) states see [12, 13] and references therein). Study of squeezing properties associated with the SU (1, 1) (as well SU (2)) states aims mainly at the reduction of the quantum noise in the act of measurements in fields like spectroscopy [14] and interferometry [15] .
In the present paper we study the time evolution of the squeezed regions associated with a non-dissipative model Hamiltonian which is presented as the linear combination of the generators of the SU (1, 1) Lie algebra. For initial conditions, we consider the two SU (1, 1) generalised coherent states, namely, the Perelomov coherent state (PCS) and the Barut-Girardello Coherent state (BGCS). The present study complements similar investigation for the SU (2) Lie algebraic representation state [16] . Nevertheless, it is worth referring to [17] in which SU (1, 1) squeezing has been analysed for the SU (1, 1) generalised coherent states when they are evolving in the nonabsorbing nonlinear media modelled as anharmonic oscillator. The dynamics related to such system is simpler than that in the present paper, as we shall see in the following section. Further in [17] the author shows for the initial SU (1, 1) squeezed states (, e.g. the PCS) that the system can destroy the initial squeezing as well as can generate squeezing in the unsqueezed quadrature much greater than that in the initial squeezed conjugate quadrature. Also for the initial SU (1, 1) unsqueezed states (, e.g. the BGCS) maximum squeezing can be observed only when the initial intensity of the field is very large.
The paper is organized in the following sequences: In section 2 we give the model Hamiltonian, the solution of the associated Heisenberg equations of motion and the basic relations and equations which will be used in the paper. In sections 3 and 4 we discuss the evolution of the squeezed regions for the PCS and BGCS state, respectively. The results are summarized in section 5.
II. MODEL HAMILTONIAN AND OPERATOR SOLUTIONS
In this section we give the basic relations and equations, which will be mainly used throughout the paper. The relations include the model Hamiltonian and its associated operators solutions, the definitions of both the Perelomov SU (1, 1) coherent state (PCS) [1] , the Barut-Girardello coherent state (BGCS) [4] and SU (1, 1) squeezing. Now we consider a non-dissipative Hamiltonian model of the form (in units of = 1),
wherek z is a hermitian operator,k + = (k − ) † are raising (lowering) operators, λ is a suitable coupling parameter and ω is a frequency specifying the model. For the SU (1, 1) Lie algebra the operatorsk ±,z satisfy the following commutators: (â †â +b †b + 1),k + =â †b † , respectively. In both cases the operatorsk z ,k ± obey the SU (1, 1) Lie algebra in (2) . For convenience we define the following operators:k
where the set {k x ,k y ,k z } satisfies the following commutation rules
The associated Heisenberg uncertainty relation regarding the first commutator in (4) takes the
where (∆k j ) 2 = k 2 j − k j 2 . To measure squeezing, we define the functions
Squeezing (reduction) in the fluctuation of thek x -ork y -components occurs if F x < 1 or F y < 1, respectively, and maximum squeezing is reached when
Now, the evolution of the operators {k x ,k y ,k z } according to the Hamiltonian (1) and the relations (3), (4) are obtained by solving the corresponding Heisenberg equations of motion, which read [16, 19] k
where the c-number time-dependent coefficients have the forms
and g = √ ω 2 − λ 2 . It is clear that when ω > λ the coefficients in (7) are periodic in the scaled time (gt) with period 2π.
For convenience we give some remarks on the Hamiltonian of the nonabsorbing nonlinear media, which can be modelled as anharmonic oscillator. This Hamiltonian-in the framework of SU (1, 1)
Lie algebra generators-takes the form [17] :
where the notations have the same meaning as given above. In the bosonic language (9) represents the Kerr media Hamiltonian. For (9) one can easily show thatk z andk +k− are constants of motion, and the solutions of Heisenberg equations arê
It is obvious that the interaction Hamiltonian (9) provides an overall phase factor in the evolution operatorsk ± (t), i.e. it preserves the photon statistics of the system. Keeping this in mind and comparing (7) and (10) one can conclude that the dynamics associated with (9) is so simple compared to that of (1).
We proceed by considering two types of SU (1, 1) states, namely, the Perelomov SU (1, 1) coherent state (PCS) [1] and the Barut-Girardello coherent state (BGCS) [4] .
The PCS is defined as
where ξ = − tanh( r 2 ) exp(−iΦ), with |ξ| ∈ (0, 1), r ∈ (−∞, ∞), Φ ∈ (0, 2π), Γ stands for Gamma function and k is called Bargmann index (k(k −1) is the eigenvalue of the Casimir operator
). For k = 1/4(3/4) the PCS is the even (odd) parity coherent state [2, 3] .
The BGCS is defined as
where I k (..) is the modified Bessel function of order k, Z = |Z| exp(iΦ), Φ ∈ (0, 2π) and k is the Bargmann index. It is worth mentioning that these states are the eigenstate ofk − , i.e.
The explicit expressions for the expectation value of the arbitrary moments k l − (0)k m z (0)k n + (0) in both the PCS and the BGCS are given in [20] .
For t > 0 and as the interaction is turned on the energy exchange between the interacting subsystems starts to play a role and thus the shape of the squeezed regions (in the complex plane) depends on the ratio (λ/ω). For this reason we study such evolution for the three cases, namely, weak coupling, strong coupling and resonance case according to (λ/ω) << 1, (λ/ω) >> 1 and (λ/ω) = 1, respectively.
III. EVOLUTION OF THE SQUEEZED REGIONS OF THE PCS
The PCS is a special type of squeezed vacuum state [21] which is essentially equivalent to the two-photon coherent state [22] , and it possesses most of the properties of the ordinary coherent states, such as a completeness relation and a reproducing kernel. Also the PCS can be realized in the framework of degenerate and nondegenerate parametric amplifier [23] . The required quantities for discussing the behaviour of F x,y (.) in (6) are given by
where
From (13) and (6) it is evident that the fluctuations are independent of the Bargmann index k.
Initially, at t = 0, the results (13), (14) with (6) lead to the following expressions:
and
The condition for squeezing thek x -or thek y -component is F x < 1 or F y < 1, namely, the results first obtained in [21] ,
respectively.
It is clear from (15) and (16) that the squeezed regions are symmetric in r and periodic in Φ with period π , i.e., F j (r, Φ, t = 0) = F j (−r, Φ + π, t = 0). Furthermore, F x (.) connects with F y (.) through the relation
and thus have similar behaviour with F y shifted by π/2 along the Φ-axis. It is also clear from (15) that F x (.) has maximum squeezing (100% ) at Φ = π/2 and 3π/2 regardless of the values of r and it is symmetric around these lines, i.e., F x (., Φ = π/2 + ǫ, t = 0) = F x (., Φ = π/2 − ǫ, t = 0) where
. Furthermore, squeezed intervals on the specific lines can be obtained by applying the squeezing conditions F j ≤ 0, e.g. setting r = 0 in (15) and analyzing the squeezing inequality lead
Restricting our discussion to the first region (where both of which are similar) we see that at the Now for t > 0 we discuss the evolution of squeezed regions of F j (r, Φ, t) for the system under consideration in (r, Φ)-plane for the three cases mentioned above.
A. weak coupling
In this case (λ/ω) << 1, i.e. the frequency detuning parameter ω is much greater than the coupling constant λ. The exact expressions for the variances in (13) can be obtained easily for the zeroth order of (λ/ω), which have similar forms as those of the initial ones (15) and (16) but with Φ → Φ + 2ωt. This means that under this condition the initial state |ξ, k evolves into the dynamical state (up to a constant phase) |ξ exp(2iωt), k . More illustratively, the free part in the Hamiltonian (1) acts much effectively on the behaviour of the dynamical system than the interaction part and then the dynamical state of the system can be expressed as: (13) reduce to such types of proportionality
This shows that the initial squeezed quadrature (F j (t = 0) < 0) becomes unsqueezed due to the interaction with the material media regardless of the values of ξ. This situation is completely in contrast with the SU (2) case [16] where squeezing always exists and the initial squeezing values are periodically recovered. It is a feature difference between the SU (2) and SU (1, 1) Lie algebraic structures. In Figs. 4a and b we have plotted the squeezed regions for thek x -andk y -components.
In these figures we have considered λ is greater than ω but not too much. Comparison of Figs. 1 and 4 leads to the fact that the sizes of the squeezed regions are decreased compared with those of the initial ones. Furthermore, the squeezed area regarding to thek y -component is decreased more rapidly than that in thek x -component. This is a direct consequence of the structure of the Hamiltonian (1). Also the symmetry in the (r, Φ)-plane for the chosen values is remarkable.
C. Resonance case
In this case (λ/ω) = 1, i.e. the coupling constant λ is equal to the detuning parameter ω. This manifests itself in the quadrature variances, which become polynomials of the normalized time τ = tλ = tω. In this case expressions (13) reduce to
It is evident that (23) is a polynomial of order four in τ , however, (24) and (25) are polynomials of order two. This leads to (one can easily check) when τ >> 1, F y (.) exhibits always squeezing, which becomes time-independent (steady-state squeezing). Nevertheless, this is not the case for In other words, the squeezing condition for thek y -component is
Inequality (28) For example, on the line r = 0 squeezing exists only when τ ≤ 1/ √ 2 and also maximum squeezing cannot be occurred.
IV. EVOLUTION OF THE SQUEEZED REGIONS OF THE BGCS
In this section we investigate the evolution of the squeezed regions in the plane (|Z|, Φ) when the system is initially in the state BGCS given by (12) . It is worth mentioning that the BGCS has similar properties as the ordinary (Glauber) coherent state in the sense that it is unsqueezed state and a minimum-uncertainty state (so-called SU (1, 1) intelligent state). The required quantities appearing in the expressions of F x,y (t) in (6) for the BGCS are given by
where f (t), G(t) and h(t) are given in (14) . Initially (t = 0) from (29) one recovers the no-squeezing minimum uncertainty relation (∆k x,y (0) [20] . For t > 0 and throughout the discussion of the present section we emphasize on the two limiting cases, namely, the weak and strong intensity limits, |Z| << 1 and |Z| >> 1, respectively, provided that the interaction time and the Bargmann index k are finite. These two approaches will give a good visualization for the behaviour of the system in a whole (|Z|, Φ)-plane. For the weak intensity case (29) can be simplified into the forms
while for the strong intensity case they take the forms
In the following we discuss the different cases as we did in section 3. 
A. weak coupling
As we mentioned above the BGCS is not a squeezed state. So that following similar discussion as that given in subsection 3.1 one can prove that for weak coupling case the system evolves always in a minimum-uncertainty state. Now we discuss the case when ω is greater than λ but not too much. In this case we have noted that squeezing can be occurred. This of course arises from the interaction of the field with the nonlinear medium. This situation can be recognized analytically when |Z| → 0, the quantities F j (.) reduce to
where τ = gt. We have to stress that R 3 (t) is always positive (c.f. (8)). From (32) squeezing can occur in F x or F y , at particular values of the interaction parameters, e.g. maximum squeezing can be generated in F y at τ = π/2. Also when (λ/ω) << 1, (32) give k increases. On the other hand, for strong intensity case and for finite values of k, F j (.) become |Z|-independent. This is obvious from (31) where all quantities are polynomials of first order in |Z|. For this reason we study squeezing occurrence regarding to Φ for fixed values of |Z|. This is given in Fig. 7 for the shown values of the parameters. From this figure one observes that the maximum value of squeezing is 50%. From figures 6 and 7 we see that the squeezed area of F x (F y ) decreases (increases) as |Z| gets larger and then it persists.
B. Strong coupling
In this case λ >> ω and the system has a time-dependent amplifying nature, which decreases the amount of squeezing (as we have seen in the PCS case). Nevertheless, under certain conditions, squeezing can be detected in the system. This can be seen analytically in the limiting case |Z| → 0, where F j (.) read
where τ = gt. From (33) it is clear that squeezing occurs only in thek x -component, in particular, when the interaction time is small, specifically, for times such that, In Fig. 8 we have plotted F x (.) for given values of the interaction parameters. 
C. Resonance case
As in section 3, at resonance (λ = ω) the variances and the expectation values are polynomials in the normalized time τ = tλ = tω. In the very weak intensity limit, |Z| → 0, one obtains
which shows that F x (.) exhibits squeezing for τ ≤ 1/ √ 2. On the other hand, numerical investigation shows that with the system initially (τ = 0) in a non-squeezed minimum-uncertainty state and as the interaction is switched on squeezing is generated for a short interaction time in both quadratures componentsk x ,k y for weak intensity (, i.e.|Z| < 1) (see Figs. 9 ) and eventually suppressed as the interaction time evolves. Notice that the behaviour of F x (.) and F y (.) in the present resonance case is the corresponding reverse behaviour in the weak coupling case (ω >> λ) of Fig. 6 . Similar behaviour has been noted for large values of |Z| (see Fig. 7 ). 
V. SUMMARY OF THE RESULTS
Throughout this paper we have analysed the evolution of the squeezed regions for the dynamical system whose Hamiltonian is a linear combination of the SU (1, 1) Lie algebra generators. We have considered two initial states, namely, the PCS and the BGCS. We have investigated the three cases:
weak coupling (ω/λ) >> 1, strong coupling (ω/λ) << 1 and resonance case (ω/λ) = 1.
For the PCS when t = 0 the squeezed regions in the (r, Φ)-plane are symmetric around specific lines on the Φ-axis and there is a direct relation between F x and F y . Also maximum squeezing occurs at the most inner contours. However, when the interaction is switched on the features of the initial squeezed regions are changed and the following results have been obtained:
(i) For weak coupling and when ω is much greater than λ the initial squeezed regions move along the Φ-axis by an amount 2ωt. Nevertheless, when ω is greater than λ but not too much the size of the squeezed regions are decreased compared to those of the initial ones.
(ii) For strong coupling λ >> ω the initial inherited squeezed regions for the system are lost, whereas when λ is greater than ω but not too much the area of the squeezed regions are decreased compared to those of the initial ones. Further, the squeezed region associated with F y is decreased faster than that with F x .
(iii) For the resonance case ω = λ, the variances associated with thek x -andk y -components become polynomials of the normalized time. In this case F y exhibits steady-state squeezing, whereas the initial squeezing inherited in F x is completely suppressed as the time evolves.
On the other hand, the BGCS is a minimum-uncertainty state, however, as result of the interaction with the nonlinear medium squeezing can be generated. The results related to this case has been restricted to two limiting cases, namely, weak intensity case |Z| << 1 and strong intensity case |Z| >> 1, and can be summarized as follows:
(i) For both weak coupling and weak intensity maximum squeezing in the (|Z|, Φ)-plane occurs in the F x and F y at the most inner contours and on the line Φ = 7π/4, respectively. However, in the strong intensity regime F j , j = x, y become |Z|-independent and the squeezed area for F x (F y ) decreases (increases) as |Z| increases.
(ii) For strong coupling squeezing occurs for short time interaction only in the F x , which exhibits single-peak structure in the (|Z|, Φ)-plane. Maximum value of squeezing occurs at Φ = 0, 2π and as |Z| increases F x gradually becomes |Z|-independent.
(iii) For the resonance case the variances associated with thek x -andk y -components become polynomials of the normalized time, as in the PCS case. For this case squeezing have been detected for short interaction time in both quadratures and the behaviour of the F x (F y ) is almost as that of F y (F x ) for the weak coupling case.
